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Abstract
In this note, we show that the edges and faces of any plane graph with maximum degree
three can be simultaneously colored with ve colors. c© 2000 Elsevier Science B.V. All rights
reserved.
An edge-face coloring of a plane graph is a function assigning values (colors) to
the edges and faces of the graph in such a way that any two elements which are either
adjacent or incident receive distinct colors. A plane graph is edge-face k-colorable,
if there is an edge-face coloring of the graph with colors from f1; : : : ; kg. In 1975,
Melnikov [4] (see also pp. 47{48 in [3]) conjectured that any plane graph with max-
imum degree  is edge-face  + 3 colorable. In 1994, Borodin [1] proved that any
plane graph with maximum degree >10 is edge-face +1 colorable and this bound
is sharp. In 1995, Hu et al. [2] proved that any plane graph with maximum degree
63 is edge-face +3 colorable. The above Melnikov’s conjecture was nally proved
to be true by Sanders and Zhao [6,7] and Waller [8]. It was conjectured in [7] that
any plane graph with maximum degree >3 is edge-face + 2 colorable and it was
proved that this new edge-face coloring conjecture is true for >7. In this note, we
further show that any plane graph of maximum degree = 3 is edge-face 5-colorable
and this bound is sharp. Since Borodin’s result in [1] and the result in this note are
sharp, the remaining problem of edge-face colorings of plane graphs becomes to nd
sharp bounds for 4669.
Before proceeding, we introduce the following notation. Let G be a plane graph.
We denote the vertex set, edge set and face set of G by V (G); E(G) and F(G),
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respectively. Let x; y 2 V (G) [ E(G) [ F(G), we say that x is adjacent to y if x
is either adjacent to or incident with y. An isthmus is an edge not in any circuit.
A k-vertex is a vertex of degree k and a k-face, 6k-face of a plane graph is a
face adjacent to k edges, at most k edges, respectively. We call a k-regular spanning
subgraph of G a k-factor.
Theorem. Any plane graph of maximum degree = 3 is edge-face 5-colorable.
Before we prove our theorem, we need the following lemmas.
Lemma 1. No minimal counterexample to our theorem has 62-faces.
Lemma 2. No minimal counterexample has cut edges.
The proofs of Lemmas 1 and 2 are easy. Hence we omit them.
Lemma 3. Let G be a minimal counterexample to our theorem. Assume that ’ is a
coloring from F(G) to M=f1; 2; 3; 4g. Let Cn be either a circuit or a path of G; then
there exists a coloring  from E(Cn) to M such that ’ [  is a partial edge-face
coloring of G.
Proof. First, we assume that Cn is a circuit. Let ej, for j= 1; : : : ; n, be an edge of Cn
such that ej is adjacent to ej−1. Since Cn is a circuit, Cn bounds a disc D in the plane.
Let e be an edge of Cn. We denote the face f that is adjacent to e and inside D by
ei and we denote the other face adjacent to e by eo. Let L(e) =M − f’(ei); ’(eo)g.
Then jL(e)j = 2. Since G is a plane graph of maximum degree  = 3 and since G
satises Lemma 2, one can conclude that there exist edges in Cn, say e1; en, such
that L(e1) 6= L(en). Let (e1) 2 L(e1) − L(en) and let (ej) 2 L(ej) − f(ej−1)g for
j = 2; : : : ; n. Since (e1) 62 L(en), it is clear that ’ [  is a partial edge-face coloring
of G. If Cn is a path, the proof is similar. Hence we omit it.
Lemma 4 (Petersen [5]). Let G be a 3-regular graph with at most three isthmuses.
Then E(G) can be decomposed into a union of a 2-factor and a 1-factor.
Lemma 5. Let G be a minimal counterexample to our theorem. Then E(G) can be
decomposed into a union of a graph of maximum degree  = 2 and a graph of
maximum degree = 1.
Proof. First, we add edges between 2-vertices of G to make it 3-regular, except for
maybe one 2-vertex left over due to there being an odd number of 2-vertices. If there
is a 2-vertex left over, then we take two copies of this new graph, and add an edge
between the two 2-vertices. We call this 3-regular graph obtained above G0. Since G0
has at most one isthmus, by Lemma 4, E(G0) can be decomposed into a union of a
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Fig. 1.
2-factor and a 1-factor. This implies that E(G) can be decomposed into a union of a
graph of maximum degree = 2 and a graph of maximum degree = 1.
Proof of our theorem. Let G be a minimal counterexample to our theorem. By the
Four-Color Theorem, rst we color faces of G with 1; 2; 3; 4. By Lemma 5, E(G) can
be decomposed into a union of a graph of maximum degree  = 2 and a graph of
maximum degree =1. By Lemma 3, we can rst color edges of the graph of maximum
degree =2 with 1; 2; 3; 4, and then we color edges of the graph of maximum degree
= 1 with 5. Hence G is edge-face 5-colorable, a contradiction.
Here is an simple example (see Fig. 1) whose edge-face chromatic number is ve.
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